Interest in the interface of nonstationarity and nonlinearity has been increasing in the econometric literature. This paper provides a formal method of testing for nonstationary long memory against the alternative of particular forms of nonlinerarity. The nonlinear models we consider are ESTAR and SETAR models. We provide analysis on the asymptotic properties of the tests and carry out a detailed Monte Carlo study. We find that the tests are in most cases able to dinstinguish between the competing models but in a few cases they are unable to do so raising the prospect that long memory and nonlinear processes may have similar characteristics in small samples.
Introduction
Interest in the interface of nonstationarity and nonlinearity has been increasing in the econometric literature. The motivation for this development maybe be traced to the perceived possibility that processes following nonlinear models maybe mistakenly taken to be unit root nonstationary. Further, the inability of standard unit root tests to reject the null hypothesis of unit root nonstationarity for a large number of macreconomic variables which are supposed according to economic theory to be stationary is another reason behind the increased interest. Previous work in this area includes Enders and Granger (2001) , Caner and Hansen (1998) , Kapetanios, Shin, and Snell (2003) and .
Another strand of the literature dealing with this and related conundrums has focused on the possibility of long memory with long memory parameter less than 1 in a number of processes being mistaken for unit root nonstationarity. The distinction between unit root nonstationary process and such long memory processes is significant. The persistence properties of shocks in the two cases are radically different.
As a result there exist two strands of the literature attempting to explain the apparent prevalance of unit root behaviour in two distinct ways. Of course, long memory processes nest unit root processes and therefore one can think of two distinct classes of processes with different implications. One is regime dependent nonlinear processes such as exponential smooth transition autoregressive (ESTAR) and self exchiting threshold autoregressive (SETAR) models which may exhibit a high degree of persistence and the other is linear but persistent to a varying degree and nonstationary long memory processes. Being able to distinguish between the two is a problem which has not been discussed in the literature. Nevertheless the distinction is of relevance. For example long memory processes with a long memory parameter d exceeding 0.5 but less than 1 are nonstationary although displaying independence of initial conditions. On the other hand nonlinear process although highly persistent are geometrically ergodic and therefore asymptotically stationary.
This paper provides a formal method of testing for long memory against the alternative of particular forms of nonlinerarity. The nonlinear models we consider are ESTAR and SETAR models. We provide analysis on the asymptotic properties of the tests and carry out a detailed Monte Carlo study. We find that the tests are in most cases able to dinstinguish between the competing models but in a few cases they are unable to do so raising the prospect that long memory and nonlinear processes may have similar characteristics in small samples. This hypothesis has been put forward in the context of Markov switching models by Diebold and Inoue (2001) .
The paper is organised as follows Section 2 presents some preliminary material on long memory processes. Section 3 discusses the nonlinear models we consider. Section 4 presents the tests and their asymptotic properties. Section 5 discusses various extensions of the tests. Section 6 presents the Monte Carlo results. Section 7 presents an empirical application. Section 8 concludes. Finally, proofs of the theorems may be found in the Appendix.
Long Memory Processes
Let the null hypothesis be given by an ARFI model of the form
where t is i.i.d. with variance σ 2 and finite fourth moments. This model does not represent a significant restriction on standard ARFIMA models if we allow for the order of the lag polynomial φ(L) to tend to infinity. Let us give some preliminary standard results for this model that will prove useful in what follows (see also Beran (1994) ). The model for y t can be written as an infinite moving average in terms of u t
where a i = Γ(d+1) Γ(i+1)Γ(d−i+1) (−1) i It can equivalently be written as an infinite autoregression given by
where
Defining σ 2 T = E(y 2 T ) it can be proved that for a wide variety of processes u t and for 0 ≤ ξ ≤ 1
where Y d is a fractional Brownian motion given by
and B is a standard Brownian motion for d ≥ 1/2. We wish to test the null hypothesis that the process y t follows the above long memory process with given long-memory parameter 1/2 ≥ d < 1 against the alternative hypothesis that it follows a stationary nonlinear model.
Nonlinear models
We will consider two widely used nonlinear model classes as our alternative hypotheses. These are the ESTAR and SETAR classes of models
ESTAR Model
The standard ESTAR model is given by
p, q and d are lag parameters to be chosen. This general model allows for lags greater than one. We will concentrate on the simple model
on which to base our test. Longer lags are of course possible but we will construct a test based on a single lag and allow for serial correlation in the error term u t to cover the case of longer lags.
Standard tests of linearity for ESTAR models revolve around a Taylor expansion of the ESTAR model and consist of testing the significance of the coefficient of the first term of such an expansion in a regression of the form
i.e. a test of δ = 0 is carried out. For more details see Granger and Teräsvirta (1993) . Our treatment follows closely the existing literature as exemplified by Kapetanios, Shin, and Snell (2003) . We will use this setup to construct the test for long memory in the next section. 
SETAR Model
The SETAR model is given by
where r 0 = −∞ r i , i = 1, . . . , m−1 are constants and r m = ∞. Again p, q and d are lag parameters to be set. Following previous work in testing against threshold nonlinearity in the context of unit root models (see and Bec, Guay, and Guerre (2003) ) we concentrate on the following three regime threshold model
where y t−1 1 {y t−1 ≤r 1 } and y t−1 1 {y t−1 >r 2 } are orthogonal to each other by construction. Again longer lags will be allowed for by correcting for serial correlation in u t . For more information on SETAR models see Tong (1990) .
Testing for Long Memory
By the infinite AR representation of the long memory model we can write
We wish to obtain testing regressions similar to those used in standard and nonlinear unit root tests which under the null hypothesis give a long memory model and under the alternative give a nonlinear stationary model. However, the problem is that unlike standard unit root tests the long memory and the nonlinear models are nonnested. However, we can nest the two models if we assume a particular value of d. So the tests we will construct will have a fixed d under the null hypothesis. This may appear restrictive at first but provides tests with tractable asymptotic properties whereas using methods for nonnested models would require simulated critical values and would complicate enormously the analysis. Then under the null hypothesis of a long memory model with long memory parameter d we consider the following setups for testing the alternative hypothesis of the two nonlinear classes of models for the simple case where u t = t .
ESTAR Model
In analogy to testing for linearity against ESTAR nonlinearity for stationary models we propose the following regressions in which to test for long memory
and
The motivation for these equations are as follows: We consider the general model
Under the null hypothesis c = α 2 = 0, the model becomes
which is a long memory model. Under the hypothesis c = 0 and α 2 = 1 the model becomes a STAR model of the form
To test the hypothesis c = α 2 = 0 which involves the unidentified parameter α 1 we use the standard approach for testing linearity in ESTAR models and take a Taylor expansion of the exponential function to give a testing equation of the form (14). The testing equation (13) is considered because it tests only for the significance of one parameter and may lead to a more powerful test. We will denote the tests based on regressions (13) and (14) by ST AR 
respectively where Q 1,d (r) and Q 2,d (r) are defined in the appendix. 
SETAR Model
The testing regressions for the case of the SETAR models are given by
Clearly, under the null hypothesis of a long memory model with long memory parameter d the coefficients α 1 in (20), α 1 and α 2 in (21) and α 1 and α 2 in (22) will be zero. Under the alternative hypothesis of a nonlinear model of the SETAR form appropriate choices for the parameter lead to SETAR specification for the above equations. For equation (21) setting α 2 to -1 lead to a SETAR specification for y t . The same holds for α 3 in equation (22). Note that equations (20) and (21) relate to a symmetric SETAR model whereas (22) relates to an asymmetric, and therefore more general, SETAR model.
To derive the asymptotic null distribution of the Wald statistics, we first begin to consider the simple case that threshold parameters are given. In this case, it will be shown that the asymptotic null distribution of the Wald statistic does not depend on the values of r 1 and r 2 . We have the following theorem 
where respectively. In the following discussion on the threshold we will concentrate on the more general model 22 which contains two threshold partameters. The discussion can be easily modified to accomodate the single threshold models. Asymptotic results are so far derived under the simplifying assumption that threshold parameters are known, and thus we now consider a general case with unknown threshold parameters. In such a case it is well-established that this kind of test suffers from the Davies (1987) problem since unknown threshold parameters are not identified under the null. Most solutions to this problem involve some sort of integrating out unidentified parameters from the test statistics. This is usually achieved by calculating test statistics for a grid of possible values of threshold parameters, r 1 and r 2 , and then constructing the summary statistics. For stationary TAR models this problem has been studied in Tong (1990) . Following Andrews and Ploberger (1994) , we consider the two most commonly used statistics which are the average and the exponential average of the Wald statistic defined respectively by
where W
(r 1 ,r 2 ) is the Wald statistic obtained from the i-th point of the nuisance parameter grid, Γ and #Γ is the number of elements of Γ. The tests will have the superscript exp or avg to denote what summary statistic is used in their construction.
Unlike the stationary TAR models, the selection of the grid of threshold parameters needs more attention. The threshold parameters r 1 and r 2 usually take on the values in the interval (r 1 , r 2 ) ∈ Γ = [r min , r max ] where r min and r max are picked so that Pr (y t−1 < r 1 ) = π 1 > 0 and Pr (y t−1 > r 2 ) = π 2 < 1. The particular choice for π 1 and π 2 is somewhat arbitrary, and in practice must be guided by the consideration that each regime needs to have sufficient observations to identify the underlying regression parameters. Considering that our approach assumes that the coefficient on the lagged dependent variable is set to zero in the corridor regime (r 1 ≤ y t−1 < r 2 ), however, we could assign arbitrarily small samples (relative to total sample) to the corridor regime since we do not have to estimate any parameters in the corridor regime. Notice also that the threshold parameters exist only under the alternative hypothesis in which the process is stationary and therefore bounded in probability. In this case only a finite grid search is meaningful for further 8 estimation. For a discussion on the construction of the grid in stationary threshold models, that supports our approach, see Chan (1993) and Tong (1990) .
This observation leads us to make an assumption that the grid for unknown threshold parameters should be selected such that the chosen corridor regime be of finite width. Under this practically meaningful restriction, we can further establish that the theoretical results obtained in However, the pointwise convergence results obtained in Theorem 2 is not sufficient for establishing the uniform stochastic convergence of the asymptotic distribution of the average and the exponential average of the Wald statistic. In addition, we need to prove the stochastic equicontinuity of W (i) (r 1 ,r 2 ) over the set Γ of finite width. Stochastic equicontinuity as defined by Davidson (1994, p. 336, equation (21.43) ) is the condition that for ∀ there exists δ > 0 such that
r is the Wald statistic obtained from the i-th point of the threshold parameter grid, Γ, and r = (r 1 , r 2 ) ∈ S (r, δ) is a sphere of radius δ centered on r = (r 1 , r 2 ). Under the assumption that the set Γ is of finite width, we are able to provide a proof of (27).
Theorem 3 The test statistic W
The stochastic equicontinuity condition (27) together with pointwise convergence of W
1 Further restrictions on the limits of the grid in the form of a minimum difference between the upper and lower bound may be placed to guarantee that the grid width does not tend to zero asymptotically, under the alternative hypothesis. For example the minimum width of the corridor regime around zero could be set to 4 times the standard deviation of a highly persistent AR(1) process, say with AR coefficient of 0.99, where the error variance could be estimated from a linear autoregression. 
Extensions

Constants and Trends
Our approach can deal easily with constants and trends in the model. The simplest solution is to demean and detrend the data prior to applying the tests. It is easy to show that the distributions remain unchanged apart from the fact that the demeaned/detrended fractional Brownian motion, rather than the standard one appears in the asymptotic distributions. The demeaned/detrended fractional Brownian motions are denoted respectively bŷ Y d (r) andỸ d (r) and defined as the continuous residual from a projection Y d (r) on 1 and (1, r). We present critical values for the tests in Table 1 for the case of no detrending or demeaning, and Tables 2 and 3 for the demeaned and detrended case respectively. 
Serial Correlation
We now extend our analysis to consider serial correlation. As explained in Section 2, we assume an ARFI model with a possibly infinite AR component. We extend the models presented before to get
Intuitively, the addition of the extra stationary regressors does not alter the asymptotic distributions of the test statistics since the tests depend on the coefficients of nonstationary variables. The following theorem formalises this intuition. 
Theorem 4 The asymptotic distributions presented in Theorems 1 to 4 do not change if the Wald statistics are obtained from equations (30)-(28) rather than equations (20)-(13)
Monte Carlo Study
We carry out a detailed Monte Carlo study of the new tests. For all Tables presented the first experiment is a size experiment where the null hypothesis tested is for a long memory model with the relevant d. We consider four distinct values of d = 0.6, 0.7, 0.8, 0.9. These are experiments A (for d=0.6), B (for d=0.7), C (for d=0.8) and D (for d=0.8) respectively. For the symmetric SETAR models the tests presented are for regressions (20) and (21). The following experiments are carried out for the SETAR models:
• Exp 2/8/14: β 1 = 0.95, α = 1, β 2 = 0.95
• Exp 3/9/15: β 1 = 0.9, α = 1, β 2 = 0.9
• Exp 4/10/16: β 1 = 0.85, α = 1, β 2 = 0.95
• Exp 5/11/17: β 1 = 0.95, α = 1.2, β 2 = 0.95
• Exp 6/12/18: β 1 = 0.9, α = 1.2, β 2 = 0.9
• Exp 7/13/19: β 1 = 0.95, α = 1.2, β 2 = 0.85
We have three experiments for each coefficient specification. For the first of the three experiments r 1 = −0.15, r 2 = 0.15, for the second r 1 = −1.65, r 2 = 1.65 and for the third r 1 = −3.15, r 2 = 3.15 The following experiments are carried out for the STAR models:
The variance of the error term is always set to 1. For generating the long memory sample we use the inifinite AR representation of a long memory process truncating at 200 lags. We use 1000 replications for each experiment. The significance level is set to 5%.
The size experiments indicate that the tests are correctly sized with a few cases of underrejection observed. The only exception is the SETAR exp test which overrejects slightly in a number of cases. Going on to discuss the power properties of the test we reach a number of conclusions. Firstly, SETAR mean tests are considerably less powerful than SETAR exp tests as expected both from theory and from previous empirical work in the area of testing 13 against nonlinearity (see ). Secondly, symmetric tests are much more powerful than asymmetric tests when the true DGP is a symmetric SETAR models. Asymmetric tests are slighlty more powerful when the DGP is asymmetric. The power function of the tests does not seem to be monotonic with respect to the assumed d parameter.So for d = 0.6 tests are reasonably powerful. They become less powerful for d = 0.7 bur regain power for higher d. This non-monotonicity is much more apparent for STAR models where the tests are powerful for d = 0.6, lose most of their power for d = 0.7, 0.8 and regain it for d = 0.9. This indicates the possible similarity in small samples of long memory processes with d = 0.7, 0.8 and nonlinear highly persistent but stationary processes.
Empirical Application: Long Memory of Real Exchange Rates
In this section we apply the new tests to investigate the properties of the Yen real exchange rate. Our choice of data set reflects previous work in this area by Cheung and Lai (2001) who investigated the presence of long memory in Yen real exchange rates aiming to explain the puzzle of the inability to reject the null hypothesis of unit root nonstationarity using standard unit root tests.
We construct bilateral real exchange rates against the i-th currency at time t (q i,t ) as q i,t = s i,t + p J,t − p * i,t , where s i,t is the corresponding nominal exchange rate (i-th currency per numeraire currency), p J,t the price level in the home country, and p * i,t the price level of the i-th country. Thus, a rise in q i,t implies a real appreciation against the i-th currency. The price levels are consumer price indices. All variables are in logs. All data are from the International Monetary Fund's International Financial Statistics in CD-ROM. The data are not seasonally adjusted. All data are quarterly, spanning from 1960Q1 to 2000Q4 and the bilateral nominal exchange rates against the currencies other than the US dollar are cross-rates computed using the US dollar rates. We consider a very large sample of countries in an attempt to make the empirical analysis more comprehensive. We also consider a grid of values for d since d needs to be specified under the null hypothesis. Reviewing the tests for different values of d clearly provides a more comprehensive picture of the comparison between long memory and nonlinear models for these series. We use d = 0.6, 0.7, 0.8, 0.9. Results are presented for the STAR based tests in Tables 24-25 and for the exponential SETAR based tests in Tables 26-27.  Tables 24 and 26 present results for tests with no augmentations to take into account possible serial correlation, whereas Tables 25 and 27 present On the other hand the SETAR tests provide more robust evidence. The test reject the null hypothesis of long memory for more series overall. Further the number of series for which the null hypothesis is rejected does not fall as the assumed value of d rises. This can be construed to provide more robust evidence against long-memory in the direction of SETAR nonlinearity for the Yen real exchange rates.
Conclusion
Recently there has been increased focus on the interaction of nonstationarity and nonlinearity as alternative data representations. The motivation for this development maybe be traced to the perceived possibility that processes following nonlinear models maybe mistakenly taken to be unit root nonstationary. In this paper we have extended the investigation of this interplay to nonstationary long memory processes. We have suggested tests that can distinguish effectively between nonstationary long memory processes and stationary nonlinear processes. In the processe we have observed that a number of long memory processes are close to nonlinear stationary ones in small samples in the sense that the proposed tests which can distinguish between the two classes of processes in most cases cannot do so in these particular instances. This finding mirrors the work of Diebold and Inoue (2001) who find similarities between long memory and Markov switching processes and conjecture that such similarities may exist for other nonlinear models such as those investigated in this paper. Further research is needed to evaluate 15 the extend of this similarity.
Appendix Proof of Theorem 1
From the fractional functional central theorem and the standard functional central limit theorem, we know that
We then examine the asymptotic behaviour of z t . z t is given by 
By the continuous mapping theorem we have that
3 , and σ
Note how the term y 3 [T r] dominates the term z [T r] . The Wald test for the null hypothesis α 1 = 0 in (13) is given bŷ
For the numerator of (A.5) we will make use of Theorem 2.2 of Kurtz and Protter (1992) . As this Theorem will be used repeatedly we comment on it. This theorem states that for processes
We will be verifying these conditions repeatedly in the appendix. Continuity of the power function implies (C1), (C2) has been shown above and
t=1 u t is clearly a semimartingale (C3) is satisfied and therefore use of this theorem is justified to derive the asymptotic distribution of the stochastic integral involved in the numerator of (A.5) which is given below
The above also establish consistency ofα and thereby consistency ofσ 2 . Thus, we get the asymptotic distribution as stated in (18). The derivation of the asymptotic distribution in (19) follows easily from the above if we note that the Wald test for the null hypothesis of α 1 = α 2 = 0 in (14) is given bŷ
, and define
Note that the terms Y 
Proof of Theorem 2
We first consider the test based on (20). We start by establishing that
for any finite r. This follows from the fact that .11) and so
which follows from the fact that .15) and u = (u 1 , . . . , u T ) . Then the Wald test for given r is given by
As discussed above the test statistic exhibits invariance in probability with respect to r. We therefore give the probability distribution for r = 0. In this case y t−1 I(|y t−1 | > 0) = y t−1 . Using Theorem 2.2 of Kurtz and Protter (1992) on convergence of stochastic integrals, discussed in the previous appendix, we see that conditions C1-C3 are easily established and so the asymptotic distribution of the above is where the continuous mapping theorem has also been used for the convergence of the term (X 1,r X 1,r ) −1 . The above also establish consistency ofα 1 and therefore ofσ 2 .
We move to consider the test based on model (21). Define x 2,r,t = (y t−1 I(|y t−1 | > r), z t ), X 2,r = (x 2,r,1 , . . . , x 2,r,T ) (A.18) Then, the Wald test for given r is given by
as usual. By the results obtained above
This gives the required asymptotic distribution.
We now consider the test based on model (22). Define x 3,r,t = (y t−1 I(y t−1 < r 1 ), y t−1 I(y t−1 ≥ r 2 ), z t ), r = (r 1 , r 2 ) , X 3,r = (x 3,r,1 , . . . , x 3,r,T ) (A.22) Then, the Wald test for given r = (r 1 , r 2 ) is given by
Now, by (A.11),
So we concentrate on the σ .26) and σ −1 .27) by the continuous mapping theorem. Since also
Using again Theorem 2.2 of Kurtz and Protter (1992) where by continuity of the functions involved conditions C1-C3 are satisfied we have that the asymptotic distribution is
Proof of Theorem 3
We only consider the stochastic equicontinuity of T −1 T t=1 I(y t−1 > r)y t−1 u t because similar arguments can be applied to other terms. We assume that r ∈ [−M, M ] for some constant M . Following the definition of (weak) stochastic equicontinuity in (27), we have to prove that
(A.30) where S (r, δ) is a sphere of radius δ centred at r. Assuming without loss of generality that r < r, then the probability in (A.30) can be written as
By the properties of long memory processes, I(r ≤ y t−1 ≤ r) will take unity at most [cT α ] periods, for some α < 1 and for some fixed constant c, where [.] denotes integer part, and zero otherwise. Therefore, only [cT α ] terms in the summation in (A.31) are non-zero. In the cases where these terms are non zero, |y t−1 | can be at most M . Taking the supremum over r and r inside the summation in (A.32), it is easily seen that (A.32) holds if (A.33) where t i denotes the subsequence of periods when the process lies within the finite corridor band. This is smaller than
By the finiteness of the second moment of u t ,
But by the law of large numbers, and using the assumption that u t 's are iid, we have A similar analysis provides a proof for stochastic equicontinuity of
Given that T
−1 T t=1 I(y t−1 > r)y
2 t−1 is almost surely bounded away from zero for all finite r, stochastic equicontinuity of
is obtained.
Proof of Theorem 4
We will prove this Theorem for the most general case of an infinite order ARFI with the truncated lag order p = p(T ) = o p (T 1/3 ). Before continuing we briefly comment on the truncation order T 1/3 . This upper bound follows from the work of Berk (1974) where it is shown that for inifinite stationary AR processes any lag order larger than this leads to a second moment matrix for the regressors (lags of the process) which does not converge to its population moment in norm. Under such a scenario any coefficients of stationary variables would not be estimated consistently. See also Ng and Perron (1995) . We therefore impose this upper bound. We also assume that φ i in (28)- (32) are O p (λ i ), |λ| < 1 and that p → ∞.
We first prove a preliminary result. Consider the quadratic form 
It follows from these developments that
Then, under the null it is straightforward to show that for all relevant terms in the Wald test statistics for both SETAR and ESTAR models .39) and σ
where X is the relevant regressor matrix in each case, α = 3 if the regressor is y 3 t−1 and α = 1, otherwise. To see this we need to note that since u t is a stationary process we have, using (A.38) .41) and σ
giving the required result. Finally consistency ofσ 2 follows from the fact that for p = o p (T 1/3 ), the second moment matrix U p U p converges in the supremum matrix norm to its population value as proven by Berk (1974) . 
